Marcin Bielecki, Advanced Macroeconomics IE, Spring 2026
Homework 6, deadline: May 19, 4:45 PM

Problem 1 (Problem 4 from Homework 5)

Consider a Ramsey-Cass-Koopmans economy where for simplicity we assumen =g =0and N = A = 1.
The representative households solve the following utility maximization problem:
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where v is the lump-sum transfer from the government to households.

The representative firm solves the following profit maximization problem:
max Dy=(1-7Y)Y;— (rt +0) K¢ — w Ly
subject to  Y; = KPL; ™
where 7Y is the firm revenue tax (equivalent to taxing all households’ income regardless of its source).
(a) Derive the first order conditions of the household.
(b) Recast the problem of the firm in per worker terms. Derive the first order conditions of the firm.

(c) Write down the government budget constraint. Using the assumptions of closed economy and
balanced government budget, find the conditions for general equilibrium in this economy.

(d) Find the steady state level of capital per worker £* and consumption per worker ¢* in this economy.
Discuss how they depend on the tax rate 7.

Problem 2

Examine the following “congestion” model. Suppose the economy’s production function depends posi-
tively (A’ () > 0) on the ratio of government expenditures to GDP, denoted with v = G/Y":
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Assume no population growth for simplicity. Then the problem of the households can be stated using
aggregate variables:
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Assume that there is a firm revenue tax 7¥ and the representative firm solves the following profit maxi-
mization problem:

max Dy=(1-7")Y;— (ri +0) K¢
subject to Yy = A(y) - K,
(a) Find the first order conditions characterizing the optimal choice of the consumer.
(b
(c
(d

)
) Find the first order conditions characterizing the optimal behavior of the firm.

) Describe the general equilibrium in this economy using (a) and (b).

) Solve the social planner’s problem using the following resource constraint (for simplicity treat w as
exogenous):
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(e) Under which conditions there could be equivalence between the decentralized equilibrium from (c)
and the social planner’s equilibrium from (d)?



Problem 3

Consider a perfectly competitive economy where individual price taking firms face the following produc-
tion function:
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Assume that publicly available technology depends on the average level of capital per worker k:
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where 7 represents a learning-by-doing externality. The aggregate final goods production is a sum of
individual firms’ outputs:
V=) Yy
i

Consumers solve the following utility maximization problem:
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(a) Find the first order conditions characterizing the optimal choice of the consumer.

(b) Find the first order conditions characterizing the optimal behavior of the firm assuming that there
is a constant rate of capital depreciation 6.

(c¢) Describe the general equilibrium in this economy using (a) and (b).

(d) Draw a phase diagram in the (k,¢) space; will the long run equilibrium in this economy be stable
if a4+ n < 1?7 What about if a +n =17

(e) Assuming that the initial level of capital in this economy is below its steady-state value describe the
behavior of k, ¢, y and the growth rate of per capita income over time in the two above mentioned
cases.

Problem 4

Consider a variant of the Romer model where labor is not used in final good production, but is used as
the unique input in the intermediate goods production. Assume the final good production function is

given by:
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Also, suppose that 1/M; units of labor are required to produce one unit of any intermediate good. As
in the Romer model, suppose that AM;11 = nM;Lgr, where Lp is labor allocated to R&D. Define
Lx = L — Lg as the amount of labor allocated to production of intermediates.

(a) What is the equilibrium level of intermediate good production?
(b) What is the equilibrium price of a unit of any intermediate good?

¢) Looking at a balanced-growth path equilibrium in which wages and number of intermediate varieties
grow at the same rate, compute the maximal profit for intermediate producers.

(d) Write down the research arbitrage condition.

(e) Compute the equilibrium growth rate of the economy.



