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Ramsey Model (Neoclassical Growth Model)

Authors: Ramsey (1928), Cass (1965), Koopmans (1965), Malinvaud
Other common names: Ramsey-Cass-Koompans model, RCK model

Extends the Solow model with optimal household decisions
regarding consumption and asset accumulation

Allows to evaluate welfare effects of economic policies
Core model of “modern” macroeconomics
Extensions of Ramsey model are used for both growth and business cycle analysis

Usually the model is presented in continuous time,
here time will be discrete like in the business cycle models we'll learn later


http://www.jstor.org/stable/2224098%20
http://www.jstor.org/stable/2295827%20
http://cowles.yale.edu/sites/default/files/files/pub/d01/d0163.pdf
https://doi.org/10.1017/S1365100513000291

Simplifications and assumptions

Closed economy

No government (for now)

Population grows at rate n (possibly negative)

Perfect competition in markets for goods and factors of production

Homogeneous final good with price normalized to 1in every period,
produced according to a neoclassical production function

All variables and prices expressed in real terms

Two groups of representative agents
« Households

« Firms

Households own factors of production directly and rent them to firms



Digression on the representative agent assumption

Pop-econ understanding of representative agent
- Households have identical preferences
« Households have identical endowments (streams of income)
« Everyone is identical and there is no trade in equilibrium

“Reality” of representative agent assumption
- There is lots of trade in financial assets under the hood!
« Financial markets are assumed to be complete

- Agents trade with each other to insure away all idiosyncratic (i.e. individual) risk:
see Arrow-Debreu securities, Arrow securities, Radner equilibrium

« This works even if agents have heterogeneous endowments, preferences
and subjective beliefs (although then “aggregate” welfare is elusive)


https://en.wikipedia.org/wiki/Complete_market
https://en.wikipedia.org/wiki/State_prices
https://en.wikipedia.org/wiki/Arrow_security
https://en.wikipedia.org/wiki/Radner_equilibrium

Digression on the representative agent assumption

Sufficient conditions for emergence of a representative firm
- Firms take prices of inputs and outputs as given
« Firms don't face binding borrowing constraints

Sufficient conditions for emergence of a normative representative household
- Households take prices as given
- Households don't face binding borrowing constraints

- Households' preferences admit a Gorman form with equal wealth coefficients
— differences in endowments don’t matter for aggregate demand (very restrictive)

Constantinides (1982): any complete-markets price-taking outcome looks
as if it were the solution to a single, optimizing, positive representative household

But such representative agent might be unstable and her preferences may not reflect the
preferences of any actual household (though we don’t seem to have any alternatives)


https://en.wikipedia.org/wiki/Gorman_polar_form
https://www.jstor.org/stable/2352702

Back to Ramsey: construction of the “dynastic” welfare function

Current family members care equally for all family members, present and future
Ur =u(c) + BUa
“Dynastic” welfare function’s planning horizon becomes effectively infinite
Uo = u(co) + BUL = u(co) + B u(c1) + U] = u(co) + Bu (1) + B>Us
Up = u(co) + Bu(c1) + B%u(c2) + Bu(cs) + ...

Using summation notation

Uo = Bulc)
=0

Whenever convenient we will use households’ discount rate p

771



Households’ budget constraint

Labor, asset and dividend income is pooled together at the family level
and split between consumption (equal for all family members) and assets

Cy + Assetsiy1 = wiLy + (1 + 1) Assetsy + Dy | 1 Ly
Assets; Dy
+

C n Assetsiiq
L, L,

LT, CwtdEn

Since the number of workers L is proportional to population NV we can safely ignore
the distinction between consumption per worker (C/L) and per person (C/N) in U

As in the Solow model, small letter variables denote quantities per worker

Lyy1 Assetsyiq
L Lyt

ct—l—(1—|—n)at+1 :wt+(1+rt)at+dt

Ct+

:wt—l—(l—l—rt)at—&-dt



Households’ problem

Households' Utility Maximization Problem (UMP)
max Btu(c
{ct,at41}52, tz:; ( t)
Subjectto ct+(1+n)at+1:wt+(1+7"t)at+dt fora“t:O,l,...7OO
ap >0 given

No Ponzi Game tlim BAtagyr >0
— 00
Construct the Lagrangian and expand it around the choice variables in : ¢; and a;1

ﬁ = Z ﬂtu (Ct) + Z,BtAt [’LUt + (1 + ’I"t) at — C¢ — (1 =+ Tl) at+1]

t=0 t=0
= +ﬁtu(cf)—|—+ﬁt)\t [wt—l—(l—l—rt)at—ct— (1+n)at+1]
+ B g1 (w1 + (L4 7e41) @ppr — g1 — (1 +n) aggal} + - ..



Households’ problem

Expanded Lagranian

E:...—i—ﬁtu(ct)—l—...—l—ﬁt)\t [wt—i—(l—i—rt)at—ct—(1+n)at+1]
+ B v [wen + (U4 7re41) @egr = copr — (14 n) agpol} + -

First Order Conditions (FOCs)

ci + B (c) + B[N =0 - =1 (cr)

B (14 rip1)

Cl,t_|_1 : ﬁt)\t [— (]. + TL)] + ﬁt+l)\t+1 (]. + Tt+1) = O — )\t = 1 Tn

)\t+1

Resulting Euler equation

B +re1) ,

U (e) = 1tn ' (ceq1)



Constant Relative Risk Aversion utility function

We will use the Constant Relative Risk Aversion (CRRA) utility function with o > 0

u(e) = = U (e) =¢; 7

1—0
For o = 1 the CRRA function collapses to the logarithmic function
Parameter ¢ is also the inverse of Intertemporal Elasticity of Substitution (IES)

The higher ¢ is, the “smoother” is the desired consumption path
and consumption reacts less to changes in real interest rate

Euler equation for the CRRA function (recall that 8 =1/ (1 + p))

o B +r) ., -~ 1474 e
Cy - 1 +n Ct+1 — Ct41 = (1 +p) (1 + TL) Ct

Consumption increases over time if only 1 + 7,41 > (14 p) (1 +n)



For now assume that technology level is constant
Perfectly competitive, representative firms maximize profits / dividends in every period

max Dt:].'Y;g—U)tLt—'f'tI(Kt

Ky, Ly
subjectto Y; = F (K, L)
K =r 46

Production function in intensive (per worker) form

L _ Pl _p(K L

"L L L. L,

)=F<kt,1>zf<kt>

Rewritten profit maximization problem

inaLX Dt = Lt [f (kt) — Wy — (Tt + (S) kt}



Firms' Profit Maximization Problem (PMP)

inaix Dt = Lt [f (k:t) — Wy — (Tt + 5) kt}

First Order Conditions (FOCs)

ke o Ly [f/ (k’t)—(Tt—f—(;)] =0 — T¢ :f/ (k‘t)—é
Ly o fk) —we—(re+0)ke =0 — wy = f(ke) —kef (ke)

Factor prices in equilibrium depend on the level of capital per worker &

Economic profits are equal to 0

Dy = Ly [f (k) — (f (ke) = ke f" (ke)) — (f' (k) =0+ ) k] =0

n



General equilibrium

Equilibrium in the asset market requires that a = k in every period

e+ (1 +n)ag =we+ (1 +14) ar + dy
e+ (1 +n) ks =we + (1 + 1) by + dy

We now plug in firm profits per worker (alternatively we could plug in factor prices)

e+ (1 +n) ks =we + (L4 ke + [f (k) —we — (e + 9) ke
Ct+ (1+’ﬂ>l€t+1 = f(kt)+ (1 *5)]’%

Equation analogous to the fundamental equation of the Solow model

(L+n)kepr = (f (ke) —cr) + (1 —0) ke
(14n) kirr = sef (ke) + (1 —6) ke
but the saving rate s is now endogenous
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Ramsey model dynamic equations

We already have the resource constraint (Y; = C, + I,)
(1—|—n)kt+1 :f(kt)+(1 —5)k‘t — Ct
Plug in the interest rate to get the final form of the Euler equation

1+f’(/€t+1)5]1/0c
(1+p)(1+n) K

We now have a system of two dynamic equations in capital and consumption per worker

Ct+1 = {

This time we don’t have global stability (as in Solow) but saddle path stability

We have a unique solution: there exists precisely one sequence of optimal
(preference-consistent) saving rates {s; };-, leading the system towards the steady state

Other paths can also lead to steady state, but involve welfare losses (EE not satisfied)
The decentralized solution is efficient and the government cannot improve upon it [HW]

13



Steady state

The steady state satisfies ¢, 1 = ¢; = ¢* and kyy 1 = ky = k*
I EY ORI R
°T [<1+p><1+n>} ’
(L+n)k*=fk)+0—-08)k —c*
Start with the Euler equation
1+p)(1+n)=1+f (k") -0
f (&) =@0+p)(1+n)—(1-9)
f()~p+d+n
Knowing k* we find ¢* using the resource constraint
= fE)+ (1 =0k —(1+n)k*
c=fk*)—(0+n)k*



Steady state

For the Cobb-Douglas production function
Y;:KtaL%_a = y=f(k) =k — f/(kt):akta_l
Steady state level of capital per worker &*

ak)* P =p+i+n

. ( N )1/(1a)
p+o+n

Steady state level of capital per worker in the Solow model

. 5 1/(1-a)
“\d+n

The (steady state) saving rate in the Ramsey model equals sgr = a ifonly p =0

Since p > 0, Ramsey economy is always dynamically efficient
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Ramsey model dynamics




Ramsey model dynamics: analytical solution

Assume Cobb-Douglas production function (Y = K*L'~), logarithmic utility (¢ = 1)
and total capital depreciation (6 = 1)

Ctt1 ak{s!
Euler equation : —% = 1
¢ (1+p)(1+n)
Resource constraint  : (1 +n) ki1 = k5 — ¢

"Guess-and-verify” that the saving rate is constant (just like in the Solow model)
ca=0-s)y:=(1—s)k
Euler equation
(L—s)kfyy _ akiy
(I=s)ki  (A+p)(1+n)

a a e
— (1 + 77,) kt+1 = Tpkt = Oéﬂkt

Resource constraint

afkf =k —c — ca=0-af)ki — s=af<a



Ramsey model dynamics: analytical solution

Since {s:};=, = {afB} the transition path is given by
af
1+n
e = (1 —af)kf

kipr = ——kY

Dynamics of cand & Phase diagram

ki1 =k

Ct+1 = Ct

=== Transition path
® Steady state

—




Ramsey model dynamics: numerical solution

Ramsey model has no analytical solutions except in a few special cases
Solutions can be easily found using quasi-analytical or numerical methods
- Linear approximation of dynamic equations around the steady state

« Newton methods for solving systems of nonlinear equations

« Numerical methods for solving systems of differential equations
- Dynamic programming methods

« Shooting algorithm



Ramsey model dynamics: numerical solution

Shooting algorithm description
1. For some initial ky propose intial consumption cg
2. Calculate resulting path using dynamic equations

k?+(1—5)kt—ct

kt-‘,—l == 1+n

1/o
o L+akis =6 .
R NN RN B

3. Calculate convergence criterion (what was the “miss” relative to the steady state)
4. Find co minimizing the “miss” for the given kq
5. The resulting sequences {k;, c¢:},-, lie on the transition path

19



Ramsey model dynamics: numerical solution

—_— k1 = ky
_ CGy1 = C
== Transition path (numerical)

---- Transition path (analytical)

k*

ki k

20



Phase diagram construction

From the Euler equation get condition for c;11 = ¢

1+ f (k1) =0

1/o
(1+p)(1+n)} ¢ = fke)=p+dtn

Ct+1 = [
If ke < k* then kppq < k%, f (keg1) > f/ (B*), reg1 > r* and e >

From the resource constraint get condition for k; 1 = k;
(1—|—n)kt+1:f(kt)+(l—5)kt—ct — thf(kt)—(6+n)kt

If cr < f (kt) - ((5 + TL) kt then kt+1 > kt

The transition path lies in those areas of the graph where
at the same time ¢; 11 > ¢; and ky 1 > k; or at the same time ¢;11 < ¢; and k1 < ky

21



Transition path shape

In a special case where o = «, optimal consumption is linear in &

~

R e

What if o # a?
- If ¢ < a then the transition path is convex and convergence is quicker
« If ¢ > o then the transition path is concave and convergence is slower
Empirically relevant is the last case (o ~ 1/3 and o ~ 2)

Whenever technology improves, consumption increases immediately:
this will be a crucial mechanism in the Real Business Cycles model

22



Saving rate along the transition

Saving rate in the Ramsey model

y—c o w_y-ly-0+n)k] _(+n)k
Yy y* y*
For the Cobb-Douglas production function

_0+n N
Cp+d+n T

[e%

=k% and k*=|—r—
Y (p+5+n

1/(1-a)
) - s =0 +n) k)"

If s* =1/0 then {s;},°, = s*. What if s* #£1/0?
- If s* > 1/0 then the saving rate is initially lower than s* and rises over time
- If s* < 1/0 then the saving rate is initially higher than s* and falls over time

It seems the last case is empirically relevant (s* ~ 0.2 and ¢ ~ 2)

23



Ramsey model dynamics: “realistic” parameter values

ki1 = ky

Ct+1 = Ct

== Transition path

2%



Ramsey model dynamics: “realistic” parameter values

Dynamics of k

Dynamics of ¢

Dynamics of s

3.5 1.2 32
. 31 4
3.0 1 Lo
30 4
2.5 1
0.8 1 20 |
2.0 1
0.6 1 28
1.5
27 4
0.4 1
1.0 A ”5
0.5 1 0.2 95
0.0 T T T T 0.0 T 24 Fmm==g=====g : :
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80

Since s; > s* in the “realistic” Ramsey model,
convergence speed is even higher than in Solow

100
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Saving rate along the transition: Stone-Geary utility function

Convergence speed is much lower under the Stone-Geary utility

(c,—0)' 7 =1
1—0
In economies producing barely above ¢ per person the saving rate is almost 0

u(cy) =

Saving rate increases with GDP per person even when s* < 1/c

Economies with “middle” levels of GDP per person grow the fastest
35

8
= CRRA
30 R 7 Stone-Geary
=61

£ 251 %5
8 =
= 3
£ 204 z 4
e 5
B = 31
2 151 g

10 —— CRRA i

Stone-Geary
5 T T T T 0 T T T T
0.4 0.5 0.6 0.7 0.8 0.9 0.4 0.5 0.6 0.7 0.8 0.9

Logarithm of GDP per person Logarithm of GDP per person
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Smoothed 1/Y ratio (%)

Smoothed I/Y ratio (%)

Smoothed /Y ratlos Vs GDP per person

50 T
—_— LOWESS regression curve

40F ¢ € E
30
20
10

ol L L L L L L L

0.5 1 2 5 10 20 50 100
Smoothed GDP per person (thousands of 2017 §)
Smoothed I/Y ratios vs GDP per person
60 T T T T T
50 1
40 1
30 R
20 R
10 === United States === Korea === China |
Hong Kong = Taiwan = India
oF Singapore = Japan B
L L L L L
1 2 5 10 20 50 100

Smoothed GDP per person (thousands of 2017 §)

Smoothed I/Y ratio (%)

Smoothed annual growth rate (%)

Smoothed I/Y ratio vs GDP per person: India
30 1
2% F 1
20 B
151 B
10f 1
g 2 3 4 5 6 7 8
Smoothed GDP per person (thousands of 2017 $)
Smoothed growth rates vs GDP per person
12 T T T T T
== United States Taiwan 4
5 === Hong Kong Japan
- == Singapore === China
-4r - Korea - Ind.ia ) 1
1 2 5 10 20 50 100

Smoothed GDP per person (thousands of 2017 §)
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Technological progress




Assume that technology A grows at rate g

A1 = (1+g) A

Consistent with Kaldor stylized facts, the production function can be expressed as
Y = F (K, AcLy)
Production function in intensive (per effective labor) form

Y, F(K,AL) F(Kt AtLt> X

Vo= AL, T AL,

Firms maximize their profits in every period

= F(ky, 1) = f(k
AtLt7AtLt (t7 ) f( t)

max Dt=1~Y}—tht—(7"t+5)Kt
Ky, L

subjectto Y; = F (K, AiLy)

28



Firms’ Profit Maximization Problem (where w@; = w;/A;)

]};naLX Dt = AtLt |:f(fi't) — ’L/[}t — (’I"t + 6) I%t

First Order Conditions (FOCs)
Beo AL [f’(l%t) — (e +5)} -0 S = f(k) -0
Lt : At [f(fft) - UAJt - (Tt + 5) ]Aft} =0 — @t = f(fft) - ]%tf/(fft)

Factor prices in equilibrium depend now on capital per effective labor &

29



Households’ problem

No need to solve again! Just use the definition of consumption per effective labor

A

Ct

And rewrite the Euler equation

Cty1 =

Ciy1Ai41 =

Cty1 =

Ct

4

¢ = Ay

1+Tt+1 :|1UC
L(1+p)(1+mn) '

- N 1/
L+ f'(kiy1) =0

cr A
(I+p(+n) |

1+ flri1) =0
(1+p)(1+mn)

1/o

Ct
1+g

30



General equilibrium

Equilibrium in the asset market requires that a = k in every period

cat+(1+n)agr =we+ (147 ar +de

Ct+(1+n)kt+1:QUt+(1+7nt)kt+dt | :At
Ct k’t+1 Wt kt dt
- 1 L. 1 L
4, PO = PO gy
Ay k s s
e+ (1+n) 2+1At+11:wt+(1+n)kt+dt
t t+

Plug in firm profits per effective labor (alternatively we could plug in factor prices)

lz’t + (1 + 7}) ]ACt + f(]%t) — ﬁ’t — (7} + (5) ]ACt:|

&+ (L+n) (14 9) ke
(T4+n)(1+ g) ki1 = flky) + (1= 08) by — &

We again get the resource constraint (Y; = C; + 1)
31



Ramsey model dynamics

The system of two dynamic equations in consumption and capital per effective labor

A 1/o
- , L+ f/(keyr) — 0 &
Euler equation : =
a TN A )0+ | 1+g
Resource constraint  :  (1+n) (14 g) ki1 = f(k) + (1 —6) by — &

Balanced Growth Path satisfies ¢, = & = ¢* and k., = k; = k*
_ L+ (k) -

(1+p) (1 +n)
FE) =149 (14+p) (1+n)—(1-0)
(k) ~p+d+n+og

(1+9)7

FE) + (1= 6) k" —¢&*
&F=fk*) =0 +n+g+ng)k*
& fk)Y =0 +n+g)k 2



Balanced Growth Path (BGP)

For the Cobb-Douglas production function
Y, = KP (ALe) ™ = Ge=fl) =k — (k) = akf™!

BGP levels of variables per effective labor

A o 1/(1—a) o a/(l-a)
K= ——m— and "= ————
p+o+n+og p+d+n+og

a/(1-a) 1/(1-a)
e R G )

p+d+n+og p+d+n+og
If p=0and o =1 then we get the same level of capital per effective labor
as in the Solow model, provided that s = sgr = «

A ( o )1/(1a)
K= ———
d+n+g

The Ramsey model is still dynamically efficient, for any value of o > 0

The higher o is, the lower are k*, §* and &* (as if households were less patient)
33



Government sector




General government expenditure and revenue in the EU

Development of total expenditure and total revenue, 2012-2022 (")
(% of GDP)
56

54
52
50

48

46
44

42 T T T T T T T T T T |
2012 2013 2014 2015 2018 2017 2018 2019 2020 2021 2022

=== EU: total expenditure

=== EU: total revenue

—#— Euro area: total expenditure
=—3%=—Euro area: total revenue

(1) Data extracted on 20.10.2023. Note that the y-axis is cut.

Source: Eurostat (gov_10a_main) eu ros ta‘t -

Eurostat 34


https://ec.europa.eu/eurostat/statistics-explained/index.php?title=File:Development_of_total_expenditure_and_total_revenue,_2012%E2%80%932022_(%C2%B9)_(%25_of_GDP)_Oct2023.png

Structure of general government expenditure in the EU

Evolution of total general government expenditure, EU, 1995-2021, % of GDP

50
40
30

20

cumulated % of GDP

0
1995 1997 1999 2001 2003 2005 2007 2009 20m 2013 2015 2017 2019 2021*
m education mgeneral public services mhealth msocial protection m other expenditure

Source: Eurostat

(gov_10a_exp) eurostatiE

* provisional

Eurostat, interactive data 35


https://ec.europa.eu/eurostat/statistics-explained/index.php?title=File:Evolution_of_total_general_government_expenditure,_EU,_1995-2021,_%25_of_GDP.png
https://ec.europa.eu/eurostat/cache/infographs/cofog

Structure of general government tax revenue in t

Evolution of the main components of tax revenue in the EU
(% of GDP)

HD o A & o o N oo & ¥ b o A © 9 o N oo 5 %
DO OO0 T 0 QLS SFTSISSEESLST TSI S
FEFTITFTTTTTTFTTTTssa o &

AN - 4
FEeeFee
—a—Taxes on production and imports ~—s—Current taxes on income, wealth, etc. Net social contributions

Source: Eurostat (gov_10a_taxag) eurostat@
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https://ec.europa.eu/eurostat/statistics-explained/index.php?title=File:F6Evolution_of_the_main_components_of_tax_revenue_in_the_EU_(%25_of_GDP).png

Taxes and outlays

Assume constant population and technology for simplicity, N = A =1

Consider a broad array of (linear) taxes
-+ Consumption tax r¢
« Labor income tax 7%
« Asset income tax 7"
- Firm accounting profits tax 7/
« Lump-sum tax 7

Divide public outlays into two broad groups
- Government spending per worker ~ (schools, hospitals, roads, law enforcement, etc.)
- Transfers per worker v (for now equal to everybody)

Assume balanced budget in every period (Ricardian equivalence holds in Ramsey)
Assume that firms are capital owners and households’ assets are claims on firm profits

37



Households’ problem

Households' Utility Maximization Problem (UMP)
t C% i
max 153
{ct;at+1}52, ; l1—0

subjectto  (1+75)ci+amr = (1—7)we+ (1+ (1 —77) re) ap — 7 + vy

Construct the Lagrangian and expand it around the choice variables in ¢, ¢; and a; 1

—0

ct
L= Zﬁt t +Zﬁt)\t QI-1t)w+1+Q—-7)ry)ar—m+ve— (14 7) et — apya]

1 o

BT B = R e (L (L= 7)) = o — (L 7)€ — ]

+ 5t+1>\t+1 [(1 - TﬁH) W41 + (1 + (1 - T[+1) 7”t+1) A1 — Tegp1 + V41 — (L +77) ¢ — at+2]
+ ...

38



Households’ problem

Expanded Lagranian
1—0o
c
;C:ﬁtliio_—l-ﬁt)\t [(1—7’;”)’(1&4—(1+(1—Ttr)’l"t)at—7't—‘r’l)t— (1+th)ct—at+1] + ...
+ B N1 [(1 = 750 wegr + (1 + (1= 7/1) 1) @err — Teg1 + i1 — (L4 75) eog1 — argo]

First Order Conditions (FOCs)

Y c
et Bleg T+ BN A+ =0 o M= 1 L T
t

[0 778 5t)\t [—1] + 5t+1)\t+1 [1 + (1 - TtrJrl) ’rtJrl:I =0 — )\t = 5 (]. + (]. - Ttr+l) Tt+1) )\t+1

Resulting Euler equation

1/o

14+ (1 =7)req 1477
L+p L+

c*O‘
c = ﬁ (1 + (1 - Ttr'f'l) Tt"rl) ﬁ — Ct+1 =

39



Recall that we now assume that firms are direct capital owners

Tax code allows to treat capital depreciation §K as tax-deductible costs,
but not the opportunity cost of holding capital rK

Firms' Profit Maximization Problem (PMP)

max Dt = (1 — Tif) (]. . F(Kt,Lt) — ’LUtLt — 6Kt) — ’l"th

Ky, Ly
max Dy = (1= 7Ly [f (k) — wy — 6ky] — 74 Liky
First Order Conditions (FOCs)
ke o (1—7 ) Le[f (k) — 0] — Ly = 0 = =0 =7)( (k) —9)
Lot (L—7))[f (k) —wy — 6ki] —riky =0 — wt:f(kt)féktf%
It

wy = f (ki) = ke f' (ke)

40



Economic profits are still 0

% = (=7 ) [f (k) = Ok — (f (ko) = ke (ko)) = (L= 7 ) [£ (Ke) = 6] e
= (1= ) [0k + ke’ (k)] = (1= 7) [f' (k) = 6]k = 0
There are however positive accounting profits Df
Df , ,
I, = f(ke) = ke — (f (k) — ke f" (k) = (f' (kt) = 6) ke >0
The tax distorts firms' decisions, disincentivizing them from holding capital
The tax does not affect wages directly, but lowers them indirectly via lower k

(9wt

G = 1 (k) = (7 (k) + K" (k) = =k f” () >0

41



Government sector

Government budget constraint assuming balanced budget (in per worker terms)

'Yt+vt—7'tf[ (kt)—(skt wt]-f—Tguwtﬁ—TZ‘?"tat—f—TtCCt—f—Tt
7t+vt—7'tf[ (kt)_ékt (f(kt)—ktfl (kt))]+T§th+Tthat+thCt+Tt
= Tt [ §kt + kt (kt)] + Ttwwt + Ttrrtat + thct + Tt — Yt
[

Tt J' (ki) = 0 ke + 7wy 4+ 7/ reay + T+ T —

42



General equilibrium

Since firms’ “market” value equals “book” value (¢ = 1), a = k in every period
I+7m)ee+ar1 =1 -7 )we + QA+ 1 —7)re)ar — 7t + ve
k=0 —-7)w+ Q4+ Q=7)r) ke — (L 4+70) ¢ — 7 + vy
kivr =we+ (1 +1) ke — ¢ — 777wy — 1 rike — 70 — T
+ 71 (ko) = ) ke + 70wy + 70 reky + TECE+ e — e
kesr = we + (L+1e) ke — co + 77 (f (ke) = 0) ke —
kir1 = wi + [1 + (=7 (f (ko) — 5)] ke —co+ 7] [f (ki) = 01 ke —
kewr = f (k) = ke f (ko) + (L4 [/ (ke) = 8) ke — e =2
kiyr = f (k) + (1 —0) ke —ce —m
We get the resource constraint (Y; = C, + I, + Gy)
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General equilibrium

Plug in the interest rate into the Euler equation

1/o
1+ (1= 7)1 = 700) (f (kegn) — 8) 1+47¢

1+p T+77,

Ct+1 = Ct

Resource constraint
ki =f(ke) + (1 =08 ke —ce —n

The equilibrium is only modified by
- Government spending ~y
+ Asset income tax 7"
- Firm accounting profits tax 7/
- Consumption tax 7¢, but only if it varies over time

If the labor supply is inelastic, labor income tax 7%, lump-sum tax 7

and time-invariant consumption tax 7¢ do not affect the equilibrium!
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ects of time-varying consumption tax

Whenever consumption tax is increased, consumption drops in the period of increase

If households are aware of the upcoming hike in advance, they consume more
prior to tax change when consumption is still “cheaper”

Ramsey model can easily replicate consumption patterns observed in the data

Figure1
Private consumption before and after the tax increase 1/
(Monthly index; t-6 = 100) 108
110 1
== Japan (2014 Apr): 5 to 8 percent Consumption tax 1
108 = = Japan (1997 Apr): 3 to 5 percent 1 rate increase 106 4 :
== Germany (2007 Jan): 16 to 19 percent 1
106 1
" 10 ,
104 :
102 4 1
102 1
[}
100 100 1
98 [}
98 1
926 :
Before After 96 4 1
94 1
6  t5  t4 t3  t2  tl t 1 2 !
94 T T T T T T T
1/ Real synthetic consumption index for Japan and retail sales volume for Germany.
Source: Cabinet Office / Haver Analytics. t6 5 t4 t3 t-2 t1 t t+1 t+2
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https://www.weforum.org/agenda/2014/08/japan-consumption-tax-structural-reform-abenomics/

Effects of taxes in the long run

Assume from now on that all taxes are time-invariant
1/0
L+ (L= 7) (=) (' (ki) = 0)]"7
1+p k
Resource constraint  : kyp = f (k) + (1 —0) ks —ct — v

Euler equation : ct+1={

Steady state level of capital per worker
Ltp =141 =) (17 (f (k) - 9)

A p
PEI=r ==

Asset income and firm profit taxes decrease capital per worker in the long run

= f(k*) =0k — o~
Private consumption per worker is crowded out by government expenditure +*
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7:01U>0; TT:TfZO; T,TC,TwZO ")/:0'1)>0; TTTfZO, T =7¢ = 7w
0 0
k ke
¥>0v=0 T =7=0 7720 | y>0v=0 7 7f 20 T=7"=7"
| T lg 4 e ly
e S
0 0
k -
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Redistribution impossibility result

Demonstrated by Judd (1985) and Chamley (1986)

It is impossible to increase household welfare by taxing capital
and transferring tax revenue equally to all households

Can we improve welfare if we target transfers to workers alone?

Introduce two household types
« Worker households (of count N*) work and don’t save (hand-to-mouth)

el =wy + vy
- Capitalist households (of count N¢) don’t work and have only asset income,

they solve the usual UMP
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http://www.sciencedirect.com/science/article/pii/0047272785900209
http://www.jstor.org/stable/1911310

Capitalists’ and firms’ problems

UMP of capitalists

o) c\l—0o
max Zﬁt (Ct)
t=0 o

{Ct7at+1}to<;0 1 g

subjectto ¢ +af = (1+ (1 —7")r)af

Solution

e A=) (f () =0TV
Cty1 = 1+, Ct

This time firms aren’t taxed
ry = f/ (kt) — 6

wy = f (k) = kef" (k)
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General equilibrium

Aggregate capital is equal to total assets of capitalists

K; = Assets;
ke NV =af - N°
NC
]{it = GEW
Transfer per worker
T riaf N°©

r
Nw =T Tt kt

UVt =
Steady state level of capital per worker

InEy P
) =5+

Steady state consumption of worker households

Cw*:w*+v*:f(k*)_k*fl(k*)+TT(f/(k*)_6)k*
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Redistribution impossibility result

It suffices to show that steady state worker consumption depends negatively on 7"
Assuming f (k) =k~“and 6 =0

= (k) =k o (k) (a (k)" — 0) F=01-a—ar") {M] e/

P

Wk

Inc zln(l—a—aTr)—i—%(lna—kln(l—T’”)—lnp)
Oln ™™ o ! ( 1 ) « o

+ - = -
or" l-a+arm 1-a« 1—77 l-a+arm l1-a+ar"—71"

<0

While workers’ cosumption can be higher in the short run, taxing capitalists
lowers capital per worker in the long run, decreasing wages

Since the tax introduces a deadweight social loss, transfers do not offset lower wages

How to “break” the result? Aiyagari (1995), Conesa et al. (2007), Straub and Werning (2014)
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http://www.jstor.org/stable/2138707
https://www.nber.org/papers/w12880
http://www.nber.org/papers/w20441

Taxes with endogenous labor supply
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Taxes with endogenous labor supply

Why do Americans work more than Europeans? See Prescott (2004)

OECD data average 2000-2018 oc=1,¢=0.5 c=1,p=2
United States  France  Germany “Europe” “Europe”
GDP per hour (PPP $) y/h 59 56 56 56 56
Average labor tax wedge 7V 26% L4% L4% L4% 44%
Average hours worked h 1790 1530 1400 1470 1620
GDP per worker (PPP $) Y 102 500 86 200 78 200 81900 90 400

With endogenous labor supply only the lump-sum tax 7 is non-distortionary
Consumption tax 7¢ is preferred to labor income tax 7%

Since lump-sum tax is unfairly regressive, the “best” tax
in the Ramsey framework would be a progressive consumption tax
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https://www.nber.org/papers/w10316
https://johnhcochrane.blogspot.com/2017/04/a-progressive-vat.html

Taxes with unemployment risk

In Ramsey model all workers are always employed

How the welfare ranking of taxes is affected by unemployment risk?

Based on section “No-trade equilibria” in Ragot (2018)

A worker can be employed or unemployed

Probabilities of flows: employed to unemployed s, unemployed to employed p
Employed receive wage w, unemployed generate “home production” b

Capital-less economy: only assets are borrowing contracts

Add borrowing constraint: unemployed can’t borrow

Since unemployed can’t borrow, employed can’t save and everyone's assets are 0
Employed are unconstrained, real interest rate is pinned down by their Euler equation
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https://www.sciencedirect.com/science/article/pii/S1574002118300017

Taxes with unemployment risk

Real interest rate is determined by the Euler equation of the employed
u'(ef) =B (L+r) [(1—s)u'(cfy) +su' ()]

Since there is no saving nor borrowing

CE:w > &

Y=b

Equilibrium real interest rate is lower than households’ discount rate
1 u'(b) 1

= 1 — e

147 B s)+su’(w) >1+p

Households try to self-insure against unemployment risk via precautionary saving

r<p

As a result the model economy “saves” too much! Similar to dynamic inefficiency
Government can improve welfare by providing (partial) unemployment insurance
This is an example of an incomplete markets model
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https://en.wikipedia.org/wiki/Incomplete_markets

Taxes with unemployment risk

Consumption of employed and unemployed after applying linear labor income tax 7%,
linear consumption tax 7¢, lump-sum tax 7 and lump-sum transfer v

P ::(1477 Jw—T+v and cUr::QL;z;tB
1+ 7¢ 1+ 7°
Expected utility (behind the veil of ignorance a’la Rawls):
E[U] = ——u(e?) + ——u(c")

u
S+p S+p
Labor income tax is preferred to consumption tax, both are preferred to lump-sum tax

Progressive taxes are preferred to linear taxes (need to ensure incentive compatibility)
Lump-sum transfers improve welfare (directed transfers even better, but be aware of IC)

Taxing asset income and firm profits can be welfare improving

Reality is complicated! For in-depth discussion on optimal taxation see Mirrlees Review .


https://en.wikipedia.org/wiki/Original_position
https://ifs.org.uk/mirrlees-review

Mirrlees Review ,Tax by Design” (2011) main recommendations

Table 20.1. A good tax system and the current UK tax system

A good tax system

‘The current UK tax system

‘Taxes on earnings

A progressive income tax with a transparent
and coherent rate structure

A single integrated benefit for those with low
income and/or high needs

A schedule of effective tax rates that reflects
evidence on behavioural responses

An opaque jumble of different effective rates
as a result of tapered allowances and a
separate National Insurance system

A highly complex array of benefits

A rate structure that reduces employment
and earnings more than necessary

Indirect taxes

Alargely uniform VAT

~ with a small number of targeted exceptions
on economic efficiency grounds

- and with equivalent taxes on financial
services and housing

No transactions taxes

Additional taxes on alcohol and tobacco

A VAT with extensive zero-rating, reduced-
rating, and exemption

- financial services exempt; housing generally
not subject to VAT but subject to a council
tax not proportional to current property
values

Stamp duties on transactions of property and
of securities

Additional taxes on alcohol and tobacco

(cont.)

A good tax system ‘The current UK tax system

Environmental taxes

Consistent price on carbon emissions Arbitrary and inconsistent prices on
emissions from different sources, set at zero
for some

Well-targeted tax on road congestion l-targeted tax on fuel consumption

Taxation of savings and wealth
No tax on the normal return to savings Normal return taxed on many, but not all,
- with some additional incentive for forms of savings
retirement saving - additional but poorly designed incentives

for retirement saving

Standard income tax schedule applied to Income tax, National Insurance
income from all sources after an allowance  contributions, and capital gains tax together
for the normal rate of return on savings imply different rates of tax on different types

- with lower personal tax rates on income of income—wages, profits, capital gains, etc.

from company shares to reflect - some of taxin

tax already paid dividend taxation but not in capital gains tax

Alifetime wealth transfer tax An ineffective inheritance tax capturing only

some assets transferred at or near death
Business taxes

Single rate of corporation tax with no taxon  Corporation tax differentiated by company
the normal return on investment profits and with no allowance for equity
financing costs

Equal treatment of income derived from Preferential treatment of self-employment
employment, self-employment, and running  and distributed profits
a small company

No tax on intermediate inputs An input tax on buildings (business rates)
~ but land value tax at least for businessand - no land value taxes

agricultural land
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