ANSWER KEY – PART 2

Selected problems from set 4

Problem 2.

Find the ESS in the game below (Hawk-Dove with different payoffs, notice that Hawk-Hawk gives negative payoffs to both players).


There are two pure strategy NE = {(D,H) and (H,D)}, but they are not symmetric, hence cannot be ESS.
Let us find the mixed strategy NE:

½*p + 0 = p – ¼*(1-p)

½*p + 0 = p – ¼ +¼*p

¾ p = ¼ 

p = 1/3  = q 
is the symmetric mixed-strategy NE

Notice that u1(D, D) = ½ and u1(p=1/3, D) = ½*1/3 + 1*2/3 = 5/6, 
so u1(D, D) < u1(p=1/3, D)

Notice also that u1(H, H) = -¼ and u1(p=1/3, H) = 0 + -¼*2/3 = - 1/6 
so u1(H, H) < u1(p=1/3, H)

since the conditions are satisfied for pure-strategy best responses to p = 1/3, they are satisfied for all mixed strategies as well.
We conclude that p = 1/3  = q is an ESS.

Problem 3. Consider the following coalitional game:

N = {1, 2, 3, 4}; v(S) = 1 if S contains either {2, 3, 4} or {1, i}, and v(S) = 0 otherwise.

In other words, it’s like a simple majority game, where player 1’s vote counts as 2 votes.

a) Show that the core of this game is empty
x1 + x2 = 1

x1 + x3 = 1

x1 + x4 = 1

x2 + x3 + x4  = 1

x1 + x2 + x3 + x4  = 1
which implies x1 = 0, but notice that 

x2 = 1 – x1 = 1
x3 = 1 – x1 = 1
x4 = 1 – x1 = 1

Which is a contradiction, since x2 + x3 + x4  = 1

b) Find the Shapley value of this game.

It is sufficient to find the SV of player 1. 
There are 4! combinations (orderings). Player 1 generates the value of 1 if he comes in second or third (if 1 is in the 2nd or 3rd place), i.e. in 50% of orderings. We conclude that the SV of player 1:

φ1 = ½ 

Since the other players are interchangeable, their values are equal, i.e.
φ2 = φ3 = φ4 . This, together with the fact that   φ1 + φ2 + φ3 + φ4 = 1, implies that 
φ2 = φ3 = φ4 = 1/6.

Selected problems from set 3
Problem 1.

a) Show that in a first-price auction with N bidders, whose valuations are iid on the [0, 1] interval, the equilibrium bid function is 
b(vi) = vi(N – 1)/N
b) What happens to the auctioneer’s expected revenue as N goes to infinity.

c) Show that under the above assumptions, the first-price and the second-price auctions are revenue-equivalent (recall that in the second-price auction, a weakly dominant strategy for each player is to bid her true valuation).

Answer:

Throughout this problem, keep in mind that the distribution function of vi is 
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a) This requires several assumptions and logical tricks. First, assume that the equilibrium bid functions for all players are identical linear:
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In order to find the c optimal that is a mutual best response, we have to maximize a representative player’s (player i) expected utility, while allowing him to make any bid that he likes. We will therefore assume that all other players use the equilibrium bid functions 
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, while player i  will be allowed to “lie” about his valuation. We will therefore assume that he bids 
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 is a “false valuation”, that will maximize his expected utility:
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The first-order condition for the above is:
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That is OK, but what do we do with this? Well, there’s the trick. Now, that we know the optimality condition, we can recall again that we are looking for a symmetric equilibrium, where player i will not cheat, and wi = vi. Substituting back into the F.O.C. we get:
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Substitute 
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into the above to get
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which reduces to 
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which is the formula that we were looking for
b)
I will only give you some hints on this one, since no tricks are needed here, only basic calculus.

The formula for the density function of the xK,N statistic is:
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Where xK,N is the value of the K​-th number, when we draw N numbers independently according to a distribution function F(x) and order them from lowest to highest. 

The above formula will give you the density function for vi, conditional on vi being the highest valuation (the vN,N  statistic). You can then use it to find the expected valuation of the first-price auction winner, by using the formula:
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Then find the expected revenue of the auctioneer 
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And notice that it approaches 1 as N goes to infinity.

c) 

The same formula as above can be used to find the density function of the vN-1,N  statistic, i.e. probability density function of the valuation of the second-highest bidder in the second-price auction with N players. Once you have that, find the expected revenue of the auctioneer (recall that in the second-price auction the players bid their true valuations):
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And then you will see that 
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Problem 4.(
Consider the Spence-Dixt model discussed in class, with linear demand: Q = 1 – P. Assume 
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. Recall that F is the fixed cost that only the entrant has to incur.

a) At what level of F is entry blockaded?

Entry is blockaded, if no action needs to be taken by the incumbent to prevent entry (entry is not profitable even if the incumbent does not alter his behavior). Hence, the incumbent does not install any capacity and yet there is no entry. This means that the entrant’s Cournot profit would be negative. The Cournot (optimal) outputs of the firms are:
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, and the profit of the entrant is 
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We conclude that entry is blockaded if 
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b) At what level of F is entry deterred?

In order to deter entry, the incumbent installs capacity k, and the entrant finds it unprofitable to compete, because he’d have higher costs than the incumbent. If 

The equilibrium quantities in case firm 2 enters, would be:
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The profit of firm 2 would then be:
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We conclude that entry is deterred if, 
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c) At what level of F is entry accommodated?

Entry must be accommodated at 
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Problem 5.

Consider the class of trigger strategies for the advertising game:

· Begin the game by playing N in stage 1

· Continue to play N, if you did not observe any other moves in the past

· If you’ve observed that at least one of the players played A in the previous period, play A for the next T periods (T is finite and greater than 1), and then return to playing N 

In other words, begin with cooperation and continue cooperating, but switch to playing A as soon as you observe non-cooperative price by any player, and then go back to cooperation after T periods. 

Suppose that the two players play identical trigger strategies. 

Q: Provide a condition, which assures that this forms an SPNE (check the profitability of one-time deviations during punishment and during cooperation subgames).
Answer:

A deviation during punishment cannot be profitable. Since in that phase, both players are supposed to choose A, none has an incentive to switch to N (the payoff in that period would drop from 40 to 30, and future payoffs would remain unaffected).
A deviation during cooperation is unprofitable if the payoff from playing prescribed strategy exceeds the payoff from deviation, i.e. if:
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, which is the condition that we are looking for.
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