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MARKOV CHAINS



Plan for Today

Markov chains
B introduction
B basic definitions
B some more definitions
B ergodic theorem
B some more definitions and problems
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Markov chains

Example: 3 states, transition probabilities
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Markov chains: definition

A sequence of random variables (X)), taking on
values in a finite set E is a Markov Chain, if for any
n=1.2.3.... and any sequence xy.x,....1, Of
elements of the set E, we have

I[D(Xn p— ;IT.H|XH 1 — LTp— 1, Xn, 9 — i?t—)- . *:XU — IG) —

— P(Xn — In|Xn-—1 — I-n.—l):
provided that
P(Xn—l — Lp—1, X-n—? — Lp—2,y. .. :XU — x[]) > 0.
If. for any i.j € E. P(X,, = j|X,,_1 = i) does not
depend on n, the chain s called time-homogenous.
In this case, we can define the transition matrix

P = (p,j)sjeg b’q the formula p;; = P(X; = j|Xo =1).
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Markov chains: properties

[1 sum of elements Iin a row of the
transition matrix = 1, not necessarily so
for a column

1 more generally: a transition matrix in n
steps

1 more generally: Markov chains for
Infinite state spaces

[1 modelling dependence on more than the
present
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Markov chains: distributions

Vector representation of distributions
Theorem:

Let Xo. X1, Xo, ... be a Markov chain with an initial state q
and a transition matriz P. Then, the variable X,, has a
distribution equal to q - P", and the (so-called) matriz of
transition in n steps, whose elements are denoted by p;;(n),
is equal to P". In other words, for any j € E we have

P(X, =J) = Yier ZiteE - - - 2in_1eE DioLioir Piria * * * Pin_1j-
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Markov chains: characteristics

A Markov chain 1s irreducible, if for any
i.j € E there exists an n > 0, such that p;;j(n) > 0;
i other words, it 1s possible to go from any state
to any state (not necessarily in one step)

— each two states communicate.

A state 1 has a period equal to k. if

o(1) = GCD(n :pii(n) >0)=Fk. A state is
aperiodic if o(i) = 1, and

periodic if o(i) > 1.
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Markov chains: characteristocs — cont.

Theorem: If a Markov chain is irreducible,
all chains have the same period.

More definitions:

An irreducible Markov chain is periodic,
if all the states are periodic; it 1s aperiodic,
if all the states are aperiodic.

A distribution (vector) m 1s a stationary distribution
(or state) of a Markov chain of a transition matriz P, if

TP =.

stationary distribution is calculated based on a system
S racun o reenemic siences - OF €CJUALIONS, dOES NOt always have a unique solution
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Markov chains: Ergodic Theorem

Let (X,,)n>0 be an aperiodic irreducible

Markov chain over a finite set of states. Then, this
Markov chain has a single stationary distribution .
which also satisfies the following property:

for any i, € E, we have lim,,_, p;j(n) = m; > 0.

Consequences:

B [imit distribution does not depend on initial
state

B stationary state describes behavior in the
far future

Waesaw LM ITY
Faculty of Econamic Sciences

&



Markov chains: still more definitions

The mean first passage time from state i to j for an
irreducible Markov chain 1s the expected number of steps
to reach state j from i for the first time, denoted by m;;.

I'he mean recurrence time for state ¢ for an
irreducible Markov chain 1s the expected number of steps
to return to state v for the first time, denoted by m;.

Calculation: systems of equations:

m;; = 1+ Z Pik M m; = 1 + Z Pite M kei
k#3 k

— By convention, m; = 0

\Q/; N e e @ fiNite value may be calculated for Markov chains

which are not irreducible, but not for all states




Markov chains: more properties

Theorem:

Let (X,,)n=0 be an aperiodic wrreducible Markowv

chain over a finite set of states. Then, we have that the
stationary distribution satisfies m; = i
where m; is the mean recurrence time for state j.
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Markov chains: more properties (2)

Definition:

A state i 1s absorbing if it is impossible
to leave the state: in other words, p; = 1

(while p;; =0 for j #1i).

Typical problems:

B calculate the probability of reaching an
absorbing state

B calculate the average time until reaching an
absorbing state

R



Warsaw UniversITY
Faculty of Econamic Sciences




