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Plan for Today

Interval estimation — confidence intervals, different
models



Interval estimation — confidence intervals

[1 We do not provide a single value estimate,
but rather a lower and an upper bound for
the estimate (the true value will fit into
these bounds with given probability)

[1 We estimate with given precision



Confidence interval

Let g(&) be a function of unknown parameter
g,and let g =g(X,,X,,...,X_) and

g =9(X,, X,,..., X,,) be statistics

Then, [9.9] is a confidence interval for g(9)
with a confidence level 1-¢, if for any &



Confidence intervals — use and interpretation

'ypically: « is a small number, for example

1-a=0,95 or 1-a = 0,99

"he condition from the definition means: the

random interval [g,g] includes the unknown
value g(@) with given (high) probability.

If we calculate the realization of the
confidence interval (e.g. g =1g =3) then
we CAN'T say that the unknown parameter is

included in the range with probability 1-«
anymore!

the parameter is either in the interval or not — the event
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Confidence intervals — construction

1 The confidence interval depends on the
underlying probability distribution

1 Usually, normal samples are considered
(the distribution most frequently
observed in nature)




Confidence intervals — construction cont.

Convenient method: we look for random
variables which depend on sample data and
parameter values, but whose distributions do not
depend on unknown parameters (pivotal method)
It U=UX,, X,, ..., X, 8)is such a function, then
we look for confidence intervals [a,b] such that
Pla<U<b)>1-a

Usually we look for ,symmetric” ClI

P,(U <a)£%, P,(U > b)g%
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Most commonly used models

B Model | (normal): Cl for the mean,
variance known

B Model Il (normal): Cl for the mean,
variance unknown

B Model Il (normal): CI for the variance

B Model lll (asymptotic): Cl for the mean
B Model IV (asymptotic): ClI for the fraction
B Asymptotic model: Cl based on MLE




Cl for the mean — Model |

Normal model: X,, X,, ..., X,, are an |IID sample
from N(u, o?), o2 is known.

The CI for u, for a confidence level 1-« :

X

O < O
—Ui a2 ﬁa X+ Ui_sr2 ﬁ

where u,_, » IS a quantile of rank 1-«/ 2 for the
N(O,1) distribution
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Cl for the mean — Model |, justification:

Point estimate for @2 MLE(u) = X distribution
We kjow the distribution)_( oiX : /SZSZ,?;’ on
X ~N(u,7%), =~ N(0,1) ‘

AL
We want: a Cl symmetric around the point estimate
(the distribution of the normalized average is

symmetric around 0). We have:
P Nn(X — )1 o] < u)= o(u) - ©(-u) = 20(u) -1

=1-«
SOU= Uiy



Cl for the mean — Model |, properties

O Error: d = Um/z%
n
[1 Length of CI: 2d

[1 Sample size allowing to obtain a given
precision (error) d-




Cl Model | — example phrasing

In a survey of food expenditures for n=400
randomly chosen respondents, the average
weekly amount spent on fruit amounted to
$30. From previous research, we know
that the variance of fruit expenditures is
equal to 5. Assuming that food
expenditures are distributed normally, find
a 95% ClI for the average weekly amount
spent.
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Cl for the mean — Model Il

Normal model: X,, X,, ..., X,, are an |IID sample
from N(u, o2), 0% is unknown.

The CI for u, for a confidence level 1-« :

= S S

X —t n—1)— —
1—a/2( ) /_n /_n

where t,__ »(n-1) is a quantile of rank 1-«/2 for
a t-Student distribution with n-1 degrees of
freedom t(n-1), and S = /S* for the unbiased

variance estimator SZ.

’>_(+ t’l—a/Z(n _1)




Cl for the mean — Model I, justification:

Point estimate for 1 MLE(u) = X

We know the distribution of X :
v 2 X_,U X—,U
X ~N(u,°), ~N(01), T =

AL Vi

We want: a Cl symmetric around the point
estimate (the distribution of T is symmetric
around 0). We have:

Pﬂ,a(l\/go_(_ﬂ)/s‘ < t)=1—0(

so = t1-a/2(n_1)

~t(n-1)




Cl for the mean — Model Il, properties

S

: d=t 1 —

1 Error 2N )ﬁ
[1 Length of CI: 2d

[1 Sample size allowing to obtain a given
precision (error) d-

fo be determined on the base of the so-
called Stein’s two-stage procedure — we

need a preliminary assessment of the
variance first



Stein’s two-stage procedure

1. We collect a preliminary sample X,, X, ..., X,

and estimate the variance:
Sg = n01_1 an (X — >_(0 )2

2. We check whether the sample fulfills the given
condition: we calculate = ol a/fj(”o Ul

a) if ny > k then we take the CI

— S
{Xo rai2(Ng =1)—/—= > X +1 (g =17 }
Jno Jno

b) if ny < kthen we choose n > k and draw an additional
sample of X .4, X, p+2 ---, X,. We calculate the mean

for the whole sample X, X,, ..., X, and take the CI
S

So

{T(_tmc/z(no _1)ﬁ’>—<+t1—al2(n0 _1)ﬁ

|



Cl Model Il — example phrasing

In a survey of food expenditures for n=400
randomly chosen respondents, the average
weekly amount spent on fruit amounted to
$30, and the variance of fruit
expenditures amounted to 5. Assuming
that food expenditures are distributed
normally, find a 95% CI for the average
weekly amount spent.



Cl for the variance — Model Il

Normal model: X, X,, ..., X,, are an |ID
sample from N(u, o2)

Cl for o2, for a confidence level 1-« :

- (n-1S?  (n-1)S?
_Z12—a/2(n —1) | 7(5/2(’7 — 1)_

where y2 .(n—1)and y° ,,(n—1) are
quantiles of rank «/2 and 1-a/ 2, respectively,
for a chi-squared distribution with n -1

;o . degrees of freedom



Cl for the variance — Model ll, justification

Point estimate for o2;: S?
We know the distr.: - ("1 g2 _ 2, 4

2
O

The chi-squared distribution is not
symmetric. We want a ,symmetric” Cl, i.e.

we look for [a,b] such that

PGZ(U<a):g, P.(U>b)=

e
2
SO

a=y.(n-Nandb=y7,,(n-1)



Cl for the mean — Model Il

Asymptotic model: X, X,, ..., X, are an |ID sample
from a distr. with mean (x) and variance, n — large.

Approximate Cl for u, for a confidence level 1-« :

S < S
—Ui a2 In’ X +Up_y In

where u,_, , is a quantile of rank 1-«/2 from the
N(0,1) distribution, S =+/S? for the unbiased
estimator of the variance S2.

Justification: from CLT, when n —o we have

X

X

—H D
> N(0,1
S/vn 1




Cl for the fraction — Model IV

Asymptotic model: X, X,, ..., X, are an |ID sample
from a two-point distribution, n — large.

Pp(X:1):p :1—Pp(X:O)
Approximate Cl for p, for a confidence level 1-«

: JB(1-p) . JB(1-p)
—Uu PO+ U,
p 1-a /2 \/E p 1-a /2 \/E

where u,_, , is a quantile of rank 1-«/2 from the
N(O,1) distribution



Cl for the fraction — Model IV, justification

The point estimate for the fraction p:
p=MLE(p)=X

We know the asymptotic distribution: from CLT, when
n —oo0, We have 5

Jp

Using U, just like in model |, we get the formula.

«/E—>N(O1)




Cl for the fraction — Model IV, properties

[0 Assessment error: g _; VA(1-p)

Jn

[1 Sample size allowing to obtain a given
precision (error) d-

n> p(1- ﬁ)uf—a/Z
> 72
if we do not know anything about p, we
need to consider the ;NOFS’[ scenario
where p=1/2:

n > u1—a/2
4d°
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Cl on the base of the MLE — Asymptotic
model

Asymptotic model: X, X,, ..., X, are an |ID sample
from a distr. with unknown parameter 6, n — large.

If 0=MLE(0) is asymptotically normal with an
asymptotic variance equal to /o), |

(0 —0)Wn —2-N(O, ¥ )
and if /(0)=MLE(I(9)) is consistent:
(0 — 0 nl(0) —E— N(0,1)
Approximate ClI for 6, for a confidence level 1-« :

n 1 n 1
0-u,, —.,0+U,_, —
1 /2\/nl— 1 /ZW

r Where Uy gp |s a quantile of rank 1-«/2 from N(0,1)
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22



Cl on the base of the MLE — Asymptotic
model, general case

Asymptotic model: X, X,, ..., X, are an |ID sample
from a distr. with unknown parameter &, n — large.

If 9(0) = g(MLE(9)) is asymptotlcally normal with an
asymptotic variance equal to "/, ,

(6—ONn—2>N(O, 7/ )

and if 1(6)=MLE((0)) is consistent:
(0 — 0 nl(0) —E— N(0,1)

Approximate Cl for g(6’) for a confidence level 1-« :

|9'(6)] Ig'(é)l

é - Meal2 ~
_Q( ) Jnl,(6) w/nl (6)

r Where Uy gp |s a quantile of rank 1-a/2 from N(O 1)

cccccccccccccccccccccc
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Cl on the base of the MLE — Example

Let X,, X, ..., X, be an IID sample from a Poisson
distr. with unknown parameter 6, n — large.

6=MLE(O)= X is asymptotically normal (CLT) with an

asymptotic variance equal to )

1(6)=1/6 behaves well.

ApprOXIm_ate Cl for 6, for a confidence level 1-« :

X-u, /2£’)_<+U1— /2£
““Jn ““Jn

where ZI1_a/2 IS a quantile of rank 1-a/ 2 from N(0,1)
For example, if for n=900 we had X = 4, then the 90% ClI for &

WOUIAD® < |4 1,645,504 +1.645 %o | [3.89.4.11




Cl on the base of the MLE — Example cont.

If we wanted to approximate the probability of the
outcome = 0, we would look for g(8)=e™°

g(f)=9g(MLE(9))= e~
And the approximate CI for g(6), for a confidence

level 1-a % N ah
X X % _x X 5
e ~ Uy We “e” +U’I—0{/2We )

where u,_, , is a quantile of rank 1-«/2 from N(0,1)
For example, if for n=900 we had X =4, then the 90% CI for
g(6) would be

~le —1.645\[%e ™ e +1.645 %000 |~ [0.016,0.020]
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